In this paper, we prove new complete monotonicity properties of some functions related to generalized k-gamma and k-polygamma functions. Applications of the results yield various new inequalities. In the end, double inequalities are constructed involving the k-generalized digamma and polygamma functions.
Introduction
The gamma function is defined as
The most important function related to the gamma function is the digamma or ψ function, which is defined as the logarithmic derivative of Γ (x). The derivatives ψ , ψ , . . . are called polygamma functions.
In [7] , the k-analogue of the gamma function is defined as
where k > 0, x > 0, lim k→1 Γ k (x) = Γ (x) and (x) n,k = x(x + k)(x + 2k) · · · x + (n -1)k .
The Weierstrass' product form of Γ k (x) is given as
where γ = lim n→∞ 1 + 1 2 + 1 3 + · · · + 1 n -log n = 0.57721 . . .
is the Euler-Mascheroni constant, see [12] . Consequently, the k-analogue of the digamma function is defined as
, (1.4) and the corresponding k-polygamma functions are
t m e -(x+k)t 1 -e -kt dt (1.5) m+1 , m = 1, 2, . . . (1.6) Recently, Nantomah, Prempeh, and Twum gave (p, k)-analogues of the gamma and the digamma functions in [15] . Furthermore, they established some inequalities related to these new functions. The reader may see [14, 15] .
The above special functions are very important and have significant applications in mathematics and other disciplines such as physics and statistics. They are also connected to generalized harmonic numbers and many other special functions such as the Riemann zeta, Hurwitz zeta, and Clausen functions. These functions have been deeply and widely studied by many authors, and inequalities involving these functions, as well as their complete monotonicity and convexity, have been extensively researched. In particular, Qi and his coauthors made a great contribution. In [22] , Qi et al. suggested very effective methods to handle the complete monotonicity of some functions involving gamma and polygamma functions. In [18] , Qi and Guo gave the definition of logarithmically complete monotonicity and established some classes of logarithmically completely monotonic functions. In addition, they [16] also creatively defined the completely monotonic degree, and firstly established the completely monotonic degree of some functions involving gamma and polygamma functions. For more, we give a list of the literature on this topic. The reader may see [5, 6, 8, 9, 11, 13, 17, 19-21, 23, 27-31, 34-38] and the references therein.
Recently, new complete monotonicity properties of some functions involving the gamma and polygamma functions were presented by Sevli and Batir in [24] . As consequences, various new upper and lower bounds for the gamma function were established.
Motivated by their work, the first objective here is to generalize these results to the kgeneralized gamma and polygamma functions. The second motivation comes from the article of Batir. In [4] , some inequalities involving the polygamma functions were proved. Their conclusions can also be generalized to the k-generalized polygamma functions.
Our main results read as follows.
Theorem 1.1 For positive real numbers x and k, let
Then x e 
Then B k (x) is completely monotonic on (0, ∞). x e
(1.8)
Theorem 1.5 For positive real numbers x and k, let
Then F k (x) is completely monotonic on (0, ∞).
Corollary 1.6 Let x and k be positive real numbers. Then
(1.9) Theorem 1.7 For positive real numbers x and k, the following inequalities hold:
.
(1.10) 2 Lemmas
The gamma function Γ (x) satisfies the following property:
) For x > 0, the function ψ(x) satisfies the following inequalities:
Lemma 2.4 ([32])
The k-generalized function ψ k (x) satisfies the following properties: 
Proofs of main results
Proof of Theorem 1.1 Let x > 0 and k > 0. Differentiating A k,a (x) yields
In view of Lemma (2.4), the second order derivative of A k,a (x) is
Using (1.5) and the integral identity
we obtain
where δ k,a (t) = 12kt -12 e kt -1 + 6kt e kt -1 -(kt) 3 e (k-a)t , a > 0. Since the mapping a → δ k,a (t) is increasing for a ≥ k/2, one has δ k,a (t) > δ k, k 2 (t) > 0. This implies that A k,a (x) > 0 for a ≥ k/2 by (3.2). That is, A k,a (x) is strictly completely monotonic on (0, ∞).
In view of Lemma 2.4, A k,a (x) can be rewritten as
In view of Lemma 2.2 and since A k,a (x) is increasing on (0,∞), one gets that In view of Lemma 2.3 and 2.4, thus
and lim x→∞ A k,a (x) = 0. For A k,a (x) < 0, so A k,a (x) > 0 with a ≥ k/2. Hence, A k,a (x) is strictly completely monotonic on (0, ∞) with a ≥ k/2. If 0 < a < k/2, in view of δ (n) k,a (t) = 0 for n ∈ {0, 1, 2, 3} and δ (4) k,a (0) = 24a-12k, then δ k,a (t) < 0 for t > 0 and very close to 0. Therefore, by the Hausdorff-Bernstein-Widder theorem, A k,a (x) cannot be completely monotonic on (0, ∞) and hence A k,a (x) is not either.
If a = 0, in view of (3.4), ζ n (0) = -(n -3)(n -2)(n + 2) < 0 for n ≥ 5, er have δ k,0 (t) < 0. Hence A k,a (x) < 0, which indicates -A k,0 is strictly completely monotonic on (0, ∞). The limits lim x→∞ A k,0 (x) = 0 and lim x→∞ A k,0 (x) = 0, which indicates -A k,0 (x) > 0 and -A k,0 (x) < 0. Hence, -A k,0 (x) is strictly completely monotonic on (0, ∞). Now we assume that -A k,b (x) (b > 0) is completely monotonic on (0, ∞). Then A k,b (x) is negative on (0, ∞). But this contradicts with the former conclusions. The proof is finished. 
Proof of Corollary 1.2 For

Considering Lemma 2.4, the second order derivative of B k (x) is
In view of (1.5) and (3.1), B k (x) can be rewritten as
where η k (t) = 24kt 1 -e kt + 8(kt) 2 1 -e kt -(kt) 3 1 -e kt + 48e 3kt/2 -48e kt/2 -48(kt)e kt/2 .
Using the power series expansions of exponential functions, we get
where θ (n) = 48 × 3 nn 3 + 5n 2 + 18n 2 n -48 -96n.
It is easy to prove θ (n) > 0 for n ≥ 5, which indicates B k,a (x) > 0 by (3.6) . Namely, B k,a (x) is completely monotonic on (0, ∞).
In view of Lemmas 2.2 and 2.4, B k (x) is rewritten as Proof of Theorem 1.5 Letting x > 0 and k > 0, then
and, in view of (1.5) and (3.1),
∞ 0 φ k (t) 1 -e -kt e -3t/2 e -xt dt, (3.8) where φ k (t) = 24kte kt/2 -24 e kt -1 + (kt) 2 e kt -1 .
Using the power series expansions of exponential functions, we obtain
where μ(n) = n 2n -24 2 n + 48n. (3.9) It is easy to prove μ(n) > 0 for n ≥ 5, which indicates F k (x) > 0 by (3.8) . Namely, F k (x) is completely monotonic on (0, ∞). Hence, F k (x) is increasing on (0, ∞).
In view of Lemmas 2.1-2.4, we can get lim x→∞ F k (x) = lim x→∞ F k (x) = 0. Thus F k (x) < 0, and so F k (x) > 0. Hence, F k (x) is strictly completely monotonic on (0, ∞).
Proof of Corollary 1.6 Since lim x→0 F k (x) = ( 7 12 -1 2 log π)k, lim x→∞ F k (x) = 0 and F k (x) is decreasing on (0, ∞), the proof is easily completed.
Proof of Theorem 1.7 Based on Γ k (x + k) = xΓ k (x) and (1.3), then
Using Taylor's theorem,
Substituting (3.11) into (3.10), then (3.10) is rewritten as
Hence,
Using a similar method as in [4] , it is easy to prove that ϑ k (u) is strictly increasing on (0, ∞). Consequently,
(3.13)
Letting n = 1 in (3.12), the value of ξ (1) is equal to
. (3.14) Using Taylor series expansion, the limit is
Based on (1.6), (3.14) and (3.15) , the proof is finished.
Remarks and applications
Remark 4.1 In view of Lemma 2.4, for positive real numbers x and k, the following equalities hold:
using which (1.10) can be written as
(4.1)
Letting x k = t, (4.1) can be changed into
which is as in Theorem 2.1 of [4] .
The following remark gives a much simpler upper bound, which clearly improves the upper bound of (1.10), and has the advantage of simplicity.
Remark 4.2 For positive real numbers x and 0 < k ≤ 1, the following inequalities hold:
Proof Since ψ k (x) is strictly decreasing on (0, ∞), in the light of Theorem 1.7, for positive real numbers x and 0 < k ≤ 1, one only needs to show that 4) or equivalently, to prove which implies G k (x) < 0. Hence G k (x) is decreasing on (0,∞) and the limit is lim x→∞ G k (x) = 0, together these facts indicate G k (x) > 0. By using (1.10), we easily obtain the following double inequalities of generalized Nielsen's β-function for 0 < k ≤ 1 and x ∈ (0, ∞):
, and the much simpler forms 
Conclusion
In the paper, we established some complete monotonicity properties involving generalized k-gamma and k-polygamma functions, and obtained some interesting inequalities. These conclusions generalized Sevli and Batir's results. As an application, we constructed new double inequalities for generalized k-digamma and k-polygamma functions. The results can be used to evaluate or estimate some integrals. Moreover, our conclusions would play an important role in the further study of these functions.
